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In a one-component plasma constituted by electrons with a uniform positive background, the correlations are
studied in the framework of the Singwi, Tosi, Land, and Sjölander �STLS� model. The local-field corrections
�LFCs� are calculated with electron density ranging from 1019 to 1026 cm−3 and with a temperature of 104 K.
Then, a dielectric formalism is used to deduce the potential energy of a positive test charge �a proton�
imbedded in the electron medium. A significant departure of this potential from the random phase approxima-
tion �RPA� one has been found. In particular, as the density increases, the discrepancy between the two
potentials grows up to reach a maximum correlated to the maximum of the electron coupling parameter. In
addition, it is found that in both high and low density limits, the STLS and RPA approaches yield similar
results. On the other hand, the effect of the LFC on the electrical conductivity is also estimated in hydrogen
plasmas.
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I. INTRODUCTION

The random phase approximation �RPA� is commonly
used in the dielectric formalism. This approximation is a
weak coupling theory in which the short-range Coulomb and
exchange correlations are not correctly taken into account.
This shortcoming appears, for instance, while calculating the
radial distribution function, which is positive definite. In-
deed, at short separation distances, this function takes nega-
tive values instead of positive ones. In order to take the in-
termediate or the strong couplings into consideration,
Singwi, Tosi, Land, and Sjölander �STLS� �1� proposed a
formalism, which incorporates them through quantities
called local-field corrections �LFCs� or local-field factors.
They performed their calculations at zero temperature. Later
on, other authors made calculations at arbitrary temperature
�2�. This method is based on a numerical solution of a set of
equations by iterative scheme. It was very time consuming
for computers in the 1970s and 1980s when those calcula-
tions were originally done. Only preliminary results were
obtained; a complete study of coupled plasma properties
such as screening, transport, thermodynamic functions, and
ionization lowering evaluated with the STLS method, is still
an open problem. The aim of this paper is to carry out such
calculations for screening and electrical conductivity.

In the literature several works have been devoted to the
LFC effects in plasmas. In particular, Ichimaru and Utsumi

proposed useful fitting formulas for LFCs at zero tempera-
ture �3,4�, which were used in numerous applications.
Chabrier extended Utsumi and Ichimaru fitting formula �4�
to finite temperatures �5�; he compared the ion-ion screened
potential with LFC effects to the RPA one and to the one
evaluated with the density functional theory. He found depar-
ture of the STLS potential from the RPA one as the electron
coupling parameter in degenerate regime increases. Later on,
Potekhin, Chabrier, and Yakovlev implemented this formula
in their code to calculate transport coefficients in neutron
stars �6� and gave a fitting formula for conductivities. Sau-
mon and Chabrier �7� studied the pressure ionization and the
plasma phase transition in hydrogen with the use of the LFC
to compute the screened interionic potential. On the other
hand, Reinholtz, Redmer, and Nagel incorporated the LFC to
their study of the thermodynamic and the transport properties
of dense hydrogen plasmas �8�.

In the beginning of this study, we consider a one-
component plasma constituted by nonrelativistic electrons in
a uniform neutralizing background formed by positive ions.
The electron degeneracy is arbitrary, i.e., electron distribu-
tion is the Fermi-Dirac distribution function. Classical, de-
generate, and intermediate situations are covered by this dis-
tribution. We focus our study on the LFC effects using the
STLS model. It is shown here that LFC effects on the elec-
tron polarizability are manifest for high electron coupling
parameters as STLS potential reaches a maximum of the de-
parture from the RPA one. For a temperature T=104 K, this
occurs in the vicinity of ne=1022 cm−3 corresponding to a*Corresponding author. kbennadji@hotmail.com
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maximum of the coupling parameter. This effect remains
negligible at higher or lower densities, which correspond to
weak coupling parameters.

The departure of the STLS potential from the RPA one is
an important feature, which can considerably change trans-
port properties of plasmas. To emphasize this influence on
transport, we have calculated the electrical conductivity for
fully ionized hydrogen plasma using a Rousseau-Ziman for-
mula �9–11�, which involves a differential cross section com-
bined with the ion-ion structure factor.

The ion-ion structure factor has been computed with the
help of the hypernetted chain �HNC� �12� method in a one-
component plasma, the plasma made of pointlike ions, the
potential between ions being screened by the electrons
�STLS or RPA potential� �5�. Thus HNC calculations add the
correlations between ions to the ones between electrons. Do-
ing that, we have studied the effects of the correlations be-
tween electrons and compared both the models �STLS or
RPA� describing the electronic component. Of course, the
ionic correlations have been taken into account through the
HNC computing. Both differential cross section and ion-ion
structure factor are influenced by LFCs �for the electronic
component�; the latter is decreasing and the former is in-
creasing with the effects of LFCs �or with the electron cor-
relations�. The resulting conductivity displays departure from
the one obtained if the electrons are treated with the RPA and
from other available results �13,6,25�.

This paper is organized as follows. The beginning con-
cerns only the one-component plasma. In Sec. II, there are
some remarks about the electron coupling parameter. In Sec.
III, the STLS model is recalled. Section IV shows numerical
results for the LFCs and also for the test charge potential and
the electron radial distribution function, taking into account
the LFCs or, in the framework of the RPA. In Sec. V, a
two-component plasma, a fully ionized hydrogen plasma, is
considered. The electrical conductivity has been evaluated
and the effects of the LFC in the electron component are
studied. Finally, we summarize our results in Sec. VI.

II. COUPLING PARAMETER

In plasma physics, the coupling parameter determines
what kind of plasma we deal with. In the special cases of

degenerate and classical plasma, it is given by rs and �,
respectively. They are rs=a /aB and �=e2 /akBT. a
= �3 /4�ne�1/3 is the Wigner-Seitz radius, aB=�2 /mee

2 is the
Bohr radius, and e is the electron charge. In this study, an-
other parameter is used. It is defined, in arbitrary degeneracy,
as follows:

� =
e2/a
�Ec�

, �1�

where e2 /a is of the order of magnitude of the mean poten-
tial energy per electron and �Ec� is the mean kinetic energy
per electron,

�Ec� = 2� d3k

�2��3

�2k2

2me
f0�k� , �2�

me is the electron mass, � is the reduced Planck’s constant,
and k is the wave number associated with the electron mo-
mentum. f0�k� is the Fermi-Dirac distribution function,

f0�k� =
1

exp� k2/kF
2 − �/EF

�
	 + 1

, �3�

in which kF= �3�2ne�1/3 is the Fermi wave number, �
=T /TF is the degeneracy parameter, TF being the Fermi tem-
perature �TF= ��2kF

2� / �2mekB��, where kB is the Boltzmann
constant, and EF=kBTF is the Fermi energy. � is the chemical
potential, it is obtained by solving the normalization condi-
tion equation

3�
0

�

x2f0�kFx�dx = 1. �4�

In the degenerate and classical limits, � reaches its
asymptotic expressions

� =
10

3
� 4

9�
	2/3

rs for degenerate plasmas �� 	 1�

and

� =
2

3
� for classical plasmas �� 
 1� . �5�

We note that in this work, the numerical results have been
evaluated with densities varying from 1019 to 1026 cm−3 and
with a fixed temperature of 104 K. In these physical situa-
tions the corresponding degeneracy parameter varies ap-
proximately from the nondegenerate limit �
51, to the
strongly degenerate limit �
10−3.

In Fig. 1, some curves corresponding to fixed values of �
are drawn in the n-T plane. The area below the �=1 curve is
the coupled regime area. Figure 2 shows the coupling param-
eter versus the density at a temperature of 104 K. There is a
maximum near ne=1022 cm−3 and the classical and degener-
ate limits are reached for lower and higher densities, respec-
tively.
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FIG. 1. Coupling parameter lines in the density-temperature
plane.
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III. LFC IN THE FRAMEWORK OF THE STLS MODEL

Starting from the well-known Bogolyubov-Born-Green-
Kirkwood-Yvon �BBGKY� hierarchy, the system of coupled
equations for the distribution functions, the STLS theory
makes an approximation in the first equation �1�. It is an
ansatz that consists of rewriting the two-particle distribution
function as follows:

f �2��r�1,r�2;p�1,p�2;t� = f�r�1,p�1,t�f�r�2,p�2,t�g��r�1 − r�2�� , �6�

where f �2�, f , and g are the two-particle distribution function,
the one-particle distribution function, and the equilibrium ra-
dial distribution function, respectively. Using the fluctuation
dissipation theorem, g can be evaluated without the second
hierarchy equation, as shown below. By this way, the
BBGKY hierarchy is truncated at the first equation. This
equation is further used within the linear response formalism
to deduce the dielectric response of the electron medium.
This is given by the dynamical dielectric function. In the
RPA model, the correlations between the plasma electrons,
which create the electrical field, are neglected, i.e., in the first
equation of the BBGKY hierarchy the function g�r� equals 1.
The wave number and frequency-dependent longitudinal di-
electric function is �1,2,14�

��q,�� = 1 −
�q��0�q,��

1 + G�q��q��0�q,��
, �7�

where v�q�=4�e2 /q2 is the Fourier transform of the Cou-
lomb potential. �0�q ,��, the free-particle polarizability �the
RPA polarizability�, reads

�0�q,�� = − 2� d3k

�2��3

f0�q� + k�/2� − f0�q� − k�/2�
�� − �Ek�+q�/2 − Ek�−q�/2� + i�

, �8�

f0 being the Fermi-Dirac electron distribution function de-
fined above and Ek� =�2k2 /2me, the kinetic energy. � is an
infinitesimal. G�k� in Eq. �7� is the LFC, which is introduced

in the STLS model and it reads �1�

G�q� = −
1

ne
� d3k

�2��3

q� · k�

k2 �S��q� − k��� − 1� , �9�

where S�q� is the static structure factor defined by

S�q� = 1 + ne� d3r�g�r� − 1�e−iq� ·r�. �10�

To complete the set of equations, the fluctuation-dissipation
theorem �14� is used to write S�q� with respect to ��q ,��,

S�q� = −
�q2

4�2e2ne
�

0

�

coth� ��

2kBT
	Im� 1

��q,��d� .

�11�

Equations �7�, �9�, and �11� form a set of closed equations,
which has to be self-consistently solved. The method con-
sists first of the choice of a primary LFC �this can be
achieved by the trivial value zero or a closer function to the
desired solution if it exists�. Then, this function is injected in
Eq. �7� to evaluate the dielectric function. This one is used in
Eq. �11� to calculate the static structure factor, which is used
to calculate a new LFC by means of Eq. �9�. The process is
repeated until a convergent solution is reached. We point out
that, making G=0 in Eq. �7�, the RPA expression for the
dielectric function

�RPA�q,�� = 1 − �q��0�q,�� �12�

is reproduced, as expected. Using this last equation, relations
�11� and �10� allow one to deduce SRPA and gRPA, respec-
tively. The RPA pair distribution function is negative at short
distances, say smaller than a value r0. As the density in-
creases, r0 tends to zero. That is consistent with the validity
of the RPA at high densities. On the other hand, the RPA
limit also reproduces the Debye screening at low densities.
We will see below that the LFCs are not negligible in this
regime. As the density decreases, LFC becomes important
and paradoxically, the STLS screening tends to the Debye
screening.

IV. NUMERICAL RESULTS

In this section, the influence of electron polarization on a
test charge embedded in the electron medium is evaluated.
More precisely, we have calculated the screened potential
produced by a positive ion �proton�, the screening being due
to the electrons. In an actual plasma made of electrons and
ions, the fact that ions move slower than electrons makes the
electron response static. This is an approximation �adiabatic
approximation�, which is not accurate at low densities. The
response is given by Eq. �7� in the limit �→0. Thus

��q� = 1 −
�q��0�q,0�

1 + G�q��q��0�q,0�
. �13�
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FIG. 2. �Color online� Coupling parameter variations versus
density at fixed temperature.
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The ion screened potential is written as follows:

�̃�q� =
�q�
��q�

and ��r� =� d3q

�2��3 �̃�q�e−iq� ·r�. �14�

In Figs. 3�a�–3�j�, �̃�k�, �̃RPA�k�, and v�k� have been plot-
ted for the same temperature of 104 K and several densities.
The STLS curves are very close to the RPA ones in both high
and low density ranges. The departure of the STLS curves
from the RPA ones follows exactly the coupling parameter
shown in Fig. 2. In particular, a maximum departure is re-
vealed at the density of about ne�1022 cm−3, which corre-

sponds to a maximum coupling parameter. This observation
agrees with the one made by Chabrier �5�; he reported an
increasing departure of the potential with LFC screening
from the one with RPA screening as the degeneracy coupling
parameter rs increases.

Figures 4–6 represent LFCs at low, intermediate, and high
densities, respectively. It can be noted that for some low
densities, LFCs �Fig. 4� take huge positive and negative val-
ues at sufficiently great momentum values. However, those
LFCs do not considerably influence the screening. This is
because the screening loses its significance at such great mo-
menta, it is only determined by LFCs at small momentums
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FIG. 3. �Color online� Graphs
of potentials in Fourier space with
STLS screening, RPA screening,
and Coulomb potential at the
temperature of 104 K. �a� ne

=1018 cm−3, �b� ne=1019 cm−3,
�c� ne=4�1019 cm−3, �d� ne

=1020 cm−3, �e� ne=1021 cm−3, �f�
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�say k /2kF�1�. In contrast, the values taken by G in Fig. 5
at long wavelength range make the STLS dielectric function
expressed by Eq. �13� negative at small momenta; this means
that the inequality G�q�v�q��0�q ,0��−1 is verified in this
momentum range. This explains the negative potential values
in Figs. 3�e� and 3�f�. Remark that the values taken by LFCs,
regardless of their effects on relation �13�, do not show any
peculiar behavior. In Fig. 6, we remark that LFC amplitudes
are diminishing with growing density. This is consistent with
the fact that RPA is valid at high densities.

Those LFCs considerably correct the negative values of
the RPA radial distribution function as can be seen in Figs. 7
and 8. We remark that the STLS radial distribution function
in Fig. 7 still has some negative values and that the one in
Fig. 8 is entirely positive. This behavior is found in previous
works �1,2�; negative values of g�r� appear at high rs param-
eters �rs�3.6� �2�. The STLS formalism is valid at moderate
and high densities, as expected, but it still has some short-
comings at low densities. This may come from the ansatz �6�
and the truncation of BBGKY hierarchy; this is not entirely
correct. Dynamical effects may play a role in this range of
densities, thus dynamical LFCs should resolve this problem.

In Fig. 9, ��r�, �RPA�r�, and v�r� at the density of
1022 cm−3 have been represented. The STLS curve presents

damped oscillations around zero, which resemble Friedel
ones. This effect of LFCs, which produces oscillations in the
potential curve, is revealed in Refs. �5,7,8�. Those oscilla-
tions are of great importance in transport phenomena and
thermodynamics. The differential cross section evaluated
with STLS potential is expected to be smaller than the one
obtained with the RPA. Actually, while the electron crosses
the potential barrier, its quantum phase shift decreases and
increases alternatively; the resulting cross section �cf. Eq.
�16�� is less than the RPA one. On the other hand, potential in
Fig. 9 possesses an attractive branch in the first oscillation,
which is the most pronounced one. This is also the case of all
potentials in the density range �ne= �4�1020 cm−3 ,2.5
�1023 cm−3�. Some authors think that this attractive behav-
ior gives rise to a plasma phase transition �15–20�. This is
still hypothetical. This situation could look like the phase
transition in a medium made of neutral gas, which is caused
by the attractive branch of the Lenard-Jones potential �21�. It
is interesting to remark that instabilities described in Refs.
�15–17� occur inside the range �ne defined above.

V. ELECTRICAL CONDUCTIVITY OF FULLY
IONIZED HYDROGEN PLASMA

Consider now a fully ionized hydrogen plasma. In the
following calculations, the electrons constitute a polarizable
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medium involving LFC. They screen ions and the resulting
ion potential produces all the features described above. The
electrical conductivity has been computed, in the same den-
sity range and at the same temperature as above. To do so,
we have used the Rousseau-Ziman formula �9–11�, which
correctly accounts for coupling in plasmas. This formula was
originally derived from the inverse transport coefficients for-
mula of Edwards �22,23�; it was introduced for liquid metals
and was used for coupled plasmas �11�. The electrical resis-
tivity is

� = −
�

3�Z2e2ni
�

0

�

dk
�f0

�k
�

0

2k

dqq3�k�q�Sii�q� , �15�

in which Z and ni are the ion charge and density, respectively
�in our case Z=1 and ni=ne�, k being the electron momentum
and q=k�2�1−cos����—the momentum transferred to ions
when the electron emerges at angle � with the incident
direction—f0 is the electron Fermi-Dirac distribution func-
tion, and Sii is the ion-ion structure factor. �k�q� is the quan-
tum differential cross section �24�, which reads

�k�q� =
1

k2��
l=0

�

�2l + 1�ei�l sin��l�Pl„cos���…�2

. �16�

l is the electron orbital momentum number, �l is the wave
phase shift, and Pl is the Legendre polynomial. The phase

shift is determined by resolving numerically the Schrödinger
equation for electron wave function in the field of ion
screened potential �STLS or RPA�. The ion-ion structure fac-
tor Sii is obtained by Fourier transform, from the radial dis-
tribution function. The latter, gii, is obtained by solving nu-
merically the HNC equation for a system of ions interacting
via screened potentials �STLS or RPA ones� �5�, which is

gii�r� = exp�−
��r�
kBT

+ ni� d3r��gii��r� − r���� − 1�

��gii�r�� − 1 − ln„gii�r��… −
��r��
kBT

	 . �17�

Here, the HNC calculations do not take into account the
“bridge graph” contributions. This fact does not considerably
affect values calculated in intermediate and low densities,
since the ion-ion coupling parameter is not important in this
range of density and ions are strongly screened by electrons.
At high densities, the screening length becomes important as
well as the ion coupling parameter, thus we expect discrep-
ancies with values calculated with more accurate methods as
Monte Carlo simulation. We have focused our attention on
the effects of the STLS potential only due to the electrons
and evaluated in the previous section. Figure 10 compares Sii
calculated with the STLS and RPA potentials. We note that
LFCs increase Sii; they tend to make ions uncorrelated as in
Fig. 10�a� or attractive �Sii�1� as in Fig. 10�b�. This figure
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shows three phases of ion system if LFCs are taken into
account; attractive phase, repulsive phase, and uncorrelated
phase. This can be deduced from the potential �Fig. 3�f��.

In Fig. 11, the electrical conductivity �relation �15�� has
been plotted with the STLS and RPA models. For compari-
son, results calculated by Kuhlbrodt and Redmer �KR� �13�,
by Potekhin, Chabrier, and Yakovlev �PCY� �6�, by Kitamura
and Ichimaru �KI� �25�, and by the code of Potekhin
�CONDUCT� �26� have been reported in the same figure. KR
used a Zubarev formulation of transport coefficients �13�.
Their calculations include electron-electron collisions but ne-
glect ion correlations �Sii=1�. PCY’s curve is produced from
a fit that includes LFC in the electron response and relativ-
istic effects �6�. It shows a great discrepancy with respect to
our results at low densities and a small difference at high
densities. The discrepancy at high density could be due to the
computation of the ion-ion structure factor performed with
the HNC method in the present work and with the Monte
Carlo method in PCY’s work. The result given by the code
CONDUCT joins PCY’s curve at high density and the Spitzer
values at low density but does not reproduce features related
to electron correlations at intermediate densities. The KI
curve is evaluated from a fit �25� that incorporates LFCs of a
two-component plasma �27�. At high degeneracy, there are
less discrepancies between KI and STLS curves than be-
tween PCY and STLS ones. It decreases rapidly at lower
degeneracy, passes by a minimum, and increases to reach
Spitzer values at classical regime. The KI model takes into
account the bound state formation �27�. This explains the
sharp decrease and the minimum in Fig. 11.

In the case of uncorrelated ions �Sii=1�, formula �15� sim-
plifies considerably; the integration on the q variable can be
performed analytically and this leads to the well-known stan-
dard momentum transport cross section. The resistivity be-
comes

�0 = −
4�

3�Z2e2ni
�

0

�

dk
�f0

�k
k2�

l=0

�

�l + 1�sin2��l+1 − �l� .

�18�

The potential used by KR is a Debye-like potential at arbi-
trary degeneracy �13�. This is a potential expressed as a De-
bye potential but the screening length is given by means of a
Fermi integral, thus it takes into account the degeneracy. It
reproduces the Debye potential in the classical limit and the
Thomas-Fermi potential in the highly degenerate case. When
this potential is used in formula �18�, the KR results are
reproduced exactly as can be seen in Fig. 12. We point out
that KR used a direct formula of the conductivity and our
results are deduced from the inverse formula derived by Ed-
wards �22�. The result in Fig. 12 shows the equivalence of
the two methods.

In Fig. 11, the STLS conductivity is sometimes greater
and sometimes smaller than the RPA one, the reason being
that LFC effects act oppositely on cross section and on struc-
ture factor, they decrease the former and increase the latter.
However, the values taken by the STLS curve in Fig. 12 are
always greater than the RPA ones. This is because the struc-
ture factor is not taken into account. We point out that the
difference of magnitude between the two graphs STLS and
RPA in both cases reaches 90% for some densities. This fact
gives more importance to electron correlations �LFC� in
transport phenomena.

VI. CONCLUSION

We have calculated the LFC in a wide density range and a
temperature of 104 K in a one-component plasma made of
electrons. We have deduced the screened potential of a posi-
tive ion �test charge�; we have found a significant departure
of this potential from the RPA one. This departure follows
exactly the electron coupling parameter variations. Espe-
cially, a maximum departure is established at the maximum
of the coupling parameter. We have also found that the po-
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FIG. 11. �Color online� Electrical conductivity of the fully ion-
ized hydrogen plasma. STLS and RPA conductivities are computed
with the Rousseau-Ziman formula, Sii being calculated by HNC. A
comparison between the STLS model, the RPA model, the KR,
PCY, KI and CONDUCT results. Electron-electron collisions are
not included in the KR curve and the KI curve passes by a mini-
mum at ne=3.16�1020 cm−3 and �=12.8 �−1 m−1 �out of the
figure�.
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FIG. 12. �Color online� Electrical conductivity of fully ionized
hydrogen for uncorrelated ions �Sii=1�. Comparison between
STLS, RPA, Debye-like, and KR.
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tential calculated in the position space, for the density corre-
sponding to the maximum coupling, presents damped oscil-
lations around zero. We conclude that the electron coupling
parameter is a good indicator of the LFC effect on screening.
We have also calculated the electrical conductivity of fully

ionized hydrogen with LFC effects. We have found a depar-
ture of these values from the RPA ones, which could reach
90% for some densities. We conclude that the electron cou-
pling, here described with the use of the STLS formalism, is
important in transport phenomena.
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